We study the interplay between weakly-pinned translational order and quantum criticality in a strongly-coupled metallic phase using Gauge/Gravity duality. Translations are spontaneously broken by the condensation of neutral scalar fields in the bulk, and generate new gapless degrees of freedom (the phonons) in the dual field theory. When translations are explicitly broken, the phonons are both pinned with a mass m and damped at a rate Ω. Two distinct effective theories of charge dynamics apply: at high temperatures, the pseudo-phonons dominate and the ac conductivity displays a finite frequency peak corresponding to the pinned collective mode; at low temperatures, the pseudo-phonons are sub-dominant, the system behaves like a fluid with slow momentum relaxation and the ac conductivity is Drude-like. Drude-like peaks moving off axis with increasing temperature are also observed in bad metals and cuprate strange metals, where translational order and quantum criticality are both believed to play a central role. In the phonondominated regime, the phonon damping rate is simply related to their mass through a diffusivity of the spontaneous system, Ω m 2 ξ. We expect this relation to hold more generally in systems with fluctuating translational order. At low temperatures, the system saturates an entropy bound, whose origin is universal relaxation of the phonons into the heat current.
Systems with electronic translational order (TO) (charge density waves, etc.) are often insulators [1] . In conventional, two-dimensional systems, the melting between the low temperature ordered phase and the high temperature disordered phase is defect-driven [2, 3] .
Individual, mobile defects relax the phase of the order parameter (i.e. the phonons), exactly as vortices relax the phase of superconducting films. In the presence of weak pinning, phase relaxation gives a nonzero contribution to the dc conductivity [4, 5] . However, it is typically exponentially suppressed as T decreases [3] , so that the phase remains insulating.
Cuprate high T c superconductors can be characterized as doped Mott insulators [6] , which tend to order upon doping. This was experimentally confirmed long ago in underdoped cuprates [7] , with static order terminating before optimal doping. Moreover, doped Mott insulators may lead to metallic, translationally-ordered phases [8] . In contrast to conventional insulators, the in-plane dc conductivity of cuprates does not show an exponential gap but is either weakly logarithmically insulating or metallic with an algebraic temperature dependence.
There is mounting experimental and numerical evidence that fluctuating TO plays an important role across the phase diagram of high T c superconductors [9] [10] [11] [12] [13] . Detecting it with scattering experiments (eg neutron, X-ray) that measure the amplitude of the order parameter is difficult due to the smallness of the signal [9] . On the other hand, fluctuating TO has sharper manifestations in ac conductivity measurements, since the magnitude of its effects is set by the total density (through the Drude weight) rather than the amplitude of fluctuations. [4] proposed fluctuating TO as the origin of off-axis peaks appearing at room temperature in the far IR ac conductivity of bad metals and cuprate strange metals.
These off-axis peaks have the opposite temperature dependence to that of a conventional insulator: the peak frequency decreases as T is lowered dω peak /dT > 0. Moreover, at room temperature cuprates are metallic with an algebraic T -linear resistivity, which persists to the lowest temperatures in the strange metallic phase. At zero magnetic field, static TO is typically short-ranged in these materials [10] . Individual mobile defects provide one mechanism that spoils long-range phase coherence. However, at low enough temperatures, defects are either bound in pairs or pinned on disorder sites [3] , and so do not relax the phase. This motivates investigating other phase relaxation mechanisms, such as weak explicit breaking of translations by eg disorder or the lattice, which both pins and relaxes the phonons.
In this work, we use Gauge/Gravity duality to describe the low energy dynamics of slowly relaxing, weakly-pinned TO with an algebraic T -linear resistivity at low temperatures. Two distinct effective field theories control charge dynamics: at high temperatures, the pseudophonons dominate and the ac conductivity displays a finite frequency peak corresponding to the pinned collective mode; at low temperatures, the pseudo-phonons are sub-dominant, the system behaves like a fluid with slow momentum relaxation and the ac conductivity is Drude-like.
In the temperature range dominated by the pseudo-phonons, the system is well-described by relaxed Wigner crystal (WC) hydrodynamic theory of [4, 5] 1 . Phonon damping by disorder was studied very early on, see eg [14, 15] , but was reported to affect the ac conductivity only through a pinning mass m and momentum relaxation rate Γ [1] . Here we show that it also leads to phase relaxation Ω in the sense of [4, 5] and a nonzero dc conductivity. This is well-known from studies of the magnetic field-induced melting of Wigner solids [16, 17] .
Another of our key findings is that both Ω and σ dc are controlled by ξ, the phonon diffusivity of the spontaneous state (defined more precisely in (3) below)
where G is the shear modulus and ρ the charge density. This relation follows from the smallness of the shear and bulk moduli, ie the stiffness of the phonons. We expect this relaxation mechanism to operate more generally in non-holographic systems with shortranged, fluctuating TO such as cuprates at zero field.
At low temperatures, another universal relaxation mechanism dominates: the phonons relax into the heat current, which leads to the saturation of a bound ensuring positivity of entropy production. Then, σ dc (µρ/G) 2 σ o , where µ is the chemical potential and σ o governs the incoherent/thermal diffusivity [18, 19] . A similar result is also discussed in [20] , which constructs a hydrodynamic theory of the pinned magnetophonon.
HOLOGRAPHIC MODEL
Gauge/Gravity duality (aka holography) allows to map the dynamics of certain stronglycoupled quantum field theories to the dynamics of gravity in asymptotically anti de Sitter spacetimes coupled to matter fields, [21] [22] [23] . In some instances [24] , the theories on both sides of the duality are known precisely. In general, this is not the case. Still, the low energy, universal dynamics of strongly-coupled systems such as the Quark-Gluon-Plasma, high T c superconductors, etc. can be studied by appropriately encoding the symmetry pattern of the dual phase in the gravitational model.
We consider the holographic model
with the scalar couplings behaving near the AdS boundary as
. For concreteness, in our numerical calculations we
The model (2) shifts is broken to a diagonal U (1), and the other background fields can consistently be taken to depend solely on the holographic radial coordinate,
where λ is the source and φ (v) the vev of the operator dual to φ. Moreover, the bulk scalar fields can be rewritten as complex scalars Φ I = φ exp(iψ I ) close to the boundary. This shows that the breaking is spontaneous when λ = 0 or explicit when λ = 0 [25] [26] [27] , which is the main focus of this work.
This holographic model does not capture the phase transition between the normal and ordered phase. Instead, it describes the low energy dynamics of the (pseudo)phonons in the ordered phase, consistent with the pattern of symmetry breaking 2 .
Finite temperature, finite density states are modeled by charged black holes in the bulk, which implies the existence of a regular Killing horizon at r = r h . Hereafter, we use a subscript h to denote quantities evaluated at r = r h .
THE UNRELAXED THEORY
Aspects of the unrelaxed theory were studied previously in [26, 27] , and are elaborated upon in greater detail in [29] . The hydrodynamic retarded Green's functions for the electric current and the phonon are [5, 30] 
(3)
σ o , γ 1 and ξ are diffusive transport coefficients that appear in the hydrodynamic constitutive relations at first order in gradients [5] . χ ππ = sT + µρ + k 2 I Y is the momentum static susceptibility, with s the entropy density and
σ o has been computed in [26, 27, 31] , and γ 1 and ξ in [29] :
We have verified that these expressions match the correlators computed numerically and that the phonons are dual to the vevs of the bulk fields ψ I [29] . After turning on relaxation, these coefficients only receive small O(λ) corrections, which can be safely neglected.
THE RELAXED THEORY
To describe weak explicit breaking of translations, we assume λ/µ φ (v) /µ 2 . We also take λ/µ k/µ 1. In our numerics, we choose k/µ = 0.1 and λ/µ = 0 or λ/µ = −10 −5 .
At zero wavevector q, WC hydrodynamics predicts the existence of two gapped poles [5] :
ω o = m(G/χ ππ ) 1/2 is the pinning frequency, proportional to the phonon mass m. When pinning is weak, the gap is purely imaginary.
In figure 1 , we compute numerically the lightest pair of QNMs of the holographic system at zero wavevector and match their location to (5) . The temperature dependence of Ω and ω o is shown in figure 2. In this procedure, we have set Γ = 0. We have verified that if we keep Γ = 0, and use the dc conductivity together with the QNMs location to solve for Γ, Ω
and ω o , we find negligible values for Γ, and that Γ ∼ λk 2 . (5) and (7) . Inset: real part.
We also find that Ω ∼ λk 0 , ω o ∼ λ 1/2 k and G ∼ λ 0 k 2 , so that m ∼ λ 1/2 k 0 3 . This suggests that both Ω and m can be extracted in the limit k = 0, ie small shear modulus. In this limit, the phonon hydrodynamic correlator is
In the Supplemental Material (SM), we compute G R ψψ (ω, q) at k = 0 and check that G R ψψ = G R ϕϕ . The pseudo-diffusive pole at ω −iΩ − iξq 2 is a consequence of the explicit breaking of the shift symmetry when λ = 0. We find that:
The match to the exact numerics is excellent, see figures 1 and 2.
At small k/µ,
Putting this together with (7) leads to the relation (1) above. This is one of our key results, and shows that the relaxation of the pseudo-phonon is entirely governed by a diffusivity of the unrelaxed theory, in the entire range of temperatures where WC hydrodynamics apply.
Assuming λ = 0, the holographic Ward identity (WI) governing momentum relaxation Dashes: approximation (7), evaluated on the k = 0, λ = 0 numerical background.
the source and δψ x, (1) the vev. The WI shows that k controls the strength of momentum
ReG R π x π x (ω, q = 0) .
The holographic WI relates both quantities on the left hand side to G R ψxψx evaluated at k = 0, leading to the same expressions as in (7) .
CHARGE TRANSPORT IN THE INSULATING PHASE
As in many conventional systems where translations are broken spontaneously [1], our holographic system is an electrical insulator dρ dc /dT < 0 at high T µ. [33, 34] . Relaxed WC hydrodynamics predicts an ac conductivity (setting Γ = 0)
Its dc conductivity σ dc
Our numerics reveal that the dc conductivity is dominated by phonon relaxation, σ dc ≡ σ(0) ρ 2 Ω/(m 2 G). As T decreases, a peak at finite frequency develops in the ac conductivity, dω peak /dT < 0, reflecting the pinning of the phonons by disorder. Correspondingly, the two poles ω ± collide, acquire a real gap and move away from the imaginary axis at low temperatures, see figure   1 . The lineshape of the ac conductivity matches with excellent precision the hydrodynamic prediction (10) . See figure 3 . Ω and ω o are obtained from the location of the QNMs. We emphasize that there is no further fitting: σ o and γ 1 are determined from the unrelaxed theory, ρ and χ ππ directly from the λ = 0 numerical background.
CHARGE TRANSPORT IN THE METALLIC PHASE
For temperatures low compared to the chemical potential T /µ 5.10 −2 , the bulk geometry undergoes a qualitative change and becomes conformal to AdS 2 ×R 2 [26, 27] , with s ∼ T and metallic behaviour ρ dc ∼ T -see e.g. [35, 36] .
As temperature is lowered, the two off-axis QNMs turn around and move back towards the imaginary axis, see figure 1 .
Accordingly, the off-axis peak in Reσ(ω) reverses direction, dω peak /dT > 0, and moves back towards zero frequency, see figure 3 . In this region, small deviations between the hy-drodynamic formula (10) and the exact ac conductivity computed numerically are observed, together with a small mismatch between the dc values of at most ∼ 1%. The first reason is that a third QNM is coming closer. The second reason are small but finite departures
from the hydrodynamic formula (10) at low temperatures, similar to those reported in [37] . In contrast, at high T these corrections O(ω 2 o /(ΩT )) decay like a negative power of T , similar to [38] .
Eventually, the two QNMs collide, and one of them moves back up the imaginary axis, dominating the dynamics at very low temperatures. The other QNM goes down the imaginary axis and collides with the third QNM mentioned above, which signals the breakdown of WC hydrodynamics. The system now behaves like a fluid with slow momentum relaxation.
Reσ(ω) is Drude-like (see figure 3 ) and dominated by the longest-lived QNM. Its location ω −ik 2 C h Y h /χ ππ sets the width of the peak, as expected from (8) To summarize, we can distinguish between a high temperature phase with a crossover from insulating to metallic behaviour as T is lowered, dominated by damped, pinned phonons as predicted by WC hydrodynamics [4, 5] ; and a low temperature metallic phase, where the charge dynamics of the system are simply governed by slow momentum relaxation, and the pseudo-phonons are decoupled.
UNIVERSAL LOW TEMPERATURE RELAXATION
Another universal aspect of relaxation in our model stems from positivity of entropy production in WC hydrodynamics, which places a bound on transport coefficients
Due to (1), both terms on the right hand side are equal. At low temperatures, the bound is saturated (see figure 4 ), since in this regime
where χ πjq = χ ππ − µρ since j q = π − µj (from relativistic symmetry) and χ jπ = ρ. These results can be explained by considering the relaxation of the phonons into the heat current j q , which is a universal mechanism in finite temperature systems. From WC hydrodynamics [20] ,
The limits q → 0 and zero relaxation λ → 0 do not commute. The ω → 0 limit must be taken last. The universal contribution to the Hamiltonian ∆H q = d 2 x(π · j q )/(χ πjq ) giveṡ ϕ = i[∆H q , ϕ] = j q /χ πjq . This leads to (12) using (13) and (14) : in this regime relaxation is controlled by thermal/incoherent diffusion processes [18, 19, 39] . In [29] , we discuss in greater detail the saturation of the entropy bound in unrelaxed WC hydrodynamics γ 2 1 ≤ σ o ξ/G, as well as how it depends on the scaling properties of the IR critical phase.
The small violation of the bound (11) at the lowest temperatures signals the exit of the regime of validity of the hydrodynamic description, as the third QNM approaches the other two.
OUTLOOK
The holographic system is governed by a coherent metallic quantum critical point (QCP).
While dω peak /dT > 0, we do not observe ω peak ∼ k B T / , as the experimental data suggests [4] . This is because in the region where dω peak /dT > 0, the phonon mass has a very weak dependence on temperature, while Ω ∼ 1/T , consistent with the resistivity ρ dc m 2 /Ω ∼ T .
It would be interesting to investigate how our system crosses over from a coherent to an incoherent regime by increasing the value of k, which may lead to ω peak ∼ T .
Two distinct universal relaxation mechanisms are at play. First, the smallness of the shear modulus implies Ω m 2 ξ in the whole temperature regime where WC hydrodynamics applies. Independently, at low temperatures, the phonons relax into the heat current leading to (12) (a similar relaxation mechanism is also discussed for magnetophonons in [20] ). Universal relaxation dominated by a hydrodynamic operator was discussed previously in [40, 41] (see also [42] for a more detailed account of the applicability of this formula to strange metals). This motivates a better characterization of the parameter space where these relaxation mechanisms dominate, including in other holographic models of pinned translational order [43] [44] [45] [46] [47] [48] , in order to consider further their applicability to real materials. , where v is some characteristic velocity. This is the behaviour reported in recent experiments on cuprates and cold atoms [51] [52] [53] .
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Davison for comments on a previous version of the manuscript. We would also like to thank In this appendix, we solve the equations of motion and compute the correlators of the fields ψ I in the limit k = 0. In this case, both fields decouple and so we will just denote them by ψ. The equation of motion for the fluctuation ψ = δψ(r) exp(−iωt + iqx) is
Using a standard procedure in holography, this equation can be solved perturbatively at small ω, q compared to r h , assuming the presence of a regular black hole horizon. We consider the expansion of the perturbation
After transforming to Eddington-Finkelstein coordinates, this corresponds to the ingoing mode at the horizon. The horizon is located at r = r h and the boundary at r = 0. Plugging (16) into (15) , the equation is solved perturbatively order by order in ω.
The order ω 0 is trivially solved by a constant, which can always be set to unity by linearity of the equation of motion. The solution at O(ω) reads
where we have imposed horizon regularity to fix one of the integration constants, and chose the other one such that δψ 1 (r h ) = 0 (which otherwise would simply correspond to a different choice of normalization of the source).
The solution for δψ 2 after imposing horizon regularity is
We now put everything together back in (16) and expand close to the boundary. For nonzero source λ = 0, the asymptotic expansion of δψ takes the form
where the r 0 term is the source and the r 1 term is related to the vev by
We find
with and
This gives a pseudo-diffusive pole located at
which matches very well the exact location of the pole determined numerically, see figures 5 and 6. The exact numerical dispersion relation deviates from (24) as q increases or as T decreases, which is expected. Actually, at sufficiently low T or large q, the pole collides with another purely imaginary pole and moves off axis. This collision and subsequent motion of the poles matches very well the motion of the two 'phonon' poles in figure 1 at the lowest temperatures.
The presence of an overdamped mode when λ = 0 is a consequence of the explicit breaking of the global shift symmetry ψ → ψ +c. It is easy to check that when λ = 0, the gap vanishes and the mode (24) becomes purely diffusive
which coincides with the k µ limit of the phonon diffusivity ξ in (4). Turning λ back on, we expect that
which we verify numerically in figure 7 . Small deviations appear at very low temperature, upon approaching the pole collision. Holographic and hydrodynamic correlators may differ by contact terms, so we compare
to 
